We discuss conditions under which a soluble-by-finite linear group has a unipotent derived subgroup. We hope our positive results will be helpful for computer calculations with finitely generated soluble linear groups.
Introduction
Let G be a finitely generated, soluble-by-finite subgroup of GL(n, R), where R is an integral domain and n is a positive integer. Suppose R has an ideal a = R such that G is congruent to 1 modulo a.
Alla Detinko asked me the following question, a positive answer to which would be useful for computer calculations with finitely generated, soluble-by-finite linear groups. If either R has characteristic zero and G is torsion-free, or R has positive characteristic, is it true that the derived subgroup G of G is always unipotent? Briefly the answer in both cases is frequently yes but not always. For example, if R is a subring of the rational numbers Q and char R/a is an odd prime, then G is unipotent by a result of J.D. Dixon, see [1, Lemma 8] . Negative examples I have found less easy to find.
Notice that R can be replaced by its subring generated by all the entries in the elements of G and that this ring is finitely generated as a ring, since G is finitely generated as a group. In particular we may assume R is Noetherian. Also we may replace a by any of the maximal ideals of R contain- ing a. If a is a maximal ideal of our finitely generated ring R, then R/a is a finite field (effectively Hilbert's Nullstellensatz, see [4, 4.1] ). In particular R/a now has positive characteristic. The positive characteristic case is the most straightforward. 
Theorem 1. Let R be an integral domain of positive characteristic p, a = R an ideal of R and G a soluble-by-
GL(1, Z) = −1 is congruent to 1 modulo 2Z, Z denoting the integers, but trivially is not connected, so we do need to replace a by a 2 in Theorem 3 if p = 2. The obvious examples to take for J in part c) of this theorem are the rings of algebraic integers in number fields. In part c) it is easy to see that if R is Noetherian, then R is also a Dedekind domain. Further each of the three parts of Theorem 3 can be regarded as generalizations of Dixon's Lemma 8 in [1] .
An alternative analogue to part d) of Theorem 1 would come from consideration of groups G as in Theorems 1 and 2 that are generated by unipotent elements. In this case the obvious questions are easily settled. In characteristic zero all unipotent subgroups are connected (e.g. by [4, 6 .6] applied with H = G o ), so if G is as in Theorem 2 and if G is generated by unipotent elements, then G is connected and hence G is unipotent by the Lie-Kolchin Theorem. In our construction for part b) of Theorem 1 we will see that G can be chosen to be generated by two unipotent elements. Thus if G is generated by d-elements the outcome is positive in Theorem 1 and negative in Theorem 2, while if G is generated by unipotent elements, things are the other way round.
Soluble groups
Proof of Lemma 1. Clearly G has a finitely generated subgroup H with G = H G o and necessarily H o is contained in G o . Consequently we may assume that G is finitely generated and hence that R is Noetherian.
Let M = R (n) be row n-space over R and set 
Lemma 2. Let R be an integral domain, a = R an ideal of R such that char R/a = p is prime and suppose G is a soluble-by-finite subgroup of GL(n, R) congruent to 1 modulo a. Then G has a normal subgroup C with C unipotent and G/C isomorphic to a p-subgroup of Sym(n).
In particular if p > n then G is unipotent.
is an F G-composition series of the F G-module F (n) , there is an obvious action of G on Only the final step in this argument has used the solubility hypothesis, so in fact we have proved the following. 
Proof.
where we have set
, where X is an indeterminate over the field F p of p elements; R is of course a principal ideal domain. Let F be its quotient field and set a = R X. Consider the row vectors 
Then using the above lemma v n a = . . . , 
which completes the construction of an example generated by unipotent elements. (Alternatively if
, so G/ A acts faithfully and unipotently on the free abelian group a g ; consequently G/ A is torsion-free, which clearly is false.)
The examples in characteristic zero
, where X is an indeterminate; R is a finitely generated integral domain of characteristic zero. Set a = 2R + X R. Then R/a is the field of 2 elements. Let
.
Then h ∈ GL(2, R) and h ≡ 1 modulo a. Clearly
Then A = h g = h × h g , which acts diagonally with respect to the basis {v 1 , v 2 } and hence 
Thus g ∩ A = 1 and hence G is torsion-free.
However G is not congruent to 1 modulo a
Then H is a finitely generated, abelian-by-cyclic subgroup of GL(2, R) that is congruent to 1 modulo a
A is non-trivial, diagonalizable and hence not unipotent.
Part b) of Theorem 2 for p = 2 follows from this, as do the comments on it in the Introduction.
where ω is a primitive cube root of unity. If X is an indeterminate,
Then R is a finitely generated integral domain of characteristic zero and R/a is the field of 3 elements. Consider the following two matrices in R 3×3 :
Further deta is a unit of R, so a ∈ GL(3, R), and then a is congruent to 1 modulo a.
and hence h, a is isomorphic to the wreath product of an infinite cyclic group by a cyclic group of order 3. 
Note that γ ∈ R, since the γ i are units of R. Proof. If every cyclic subgroup of G is connected, then so is G. Hence we may assume that G = g is cyclic. Thus we may also assume that R is finitely generated over J and hence is Noetherian by the Hilbert Basis Theorem. Now g ∈ 1 + (a) In this case for each i there exists j with α −1 (1 − γ i ) = −ξ j and hence γ i = 1 + αξ j ∈ 1 + Sa. If p = 2 a similar argument produces the same conclusion, namely that γ i ∈ 1 + Sa. Now S is integral over R, since also g −1 ∈ GL(n, R). Further Rα < R, so there is a maximal ideal m of R containing α.
Consequently there is a maximal ideal n of S with m = R ∩n (see [2, Theorem 44] 
